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ζ damping ratio 
ω natural angular frequency (radÂs–1) 
1. Introduction 
Carbon fibre reinforced plastics (CFRP’s) are recently mainly used in fields where their superior specific strength and 
stiffness can be fully utilized, e.g. aerospace industry, automotive, high-performance sporting goods, etc. Despite 
mentioned, reduced costs of raw materials and development of new manufacturing technologies allowed application of 
CFRP parts in other industrial branches, like civil engineering and also machine tool design. Moreover, the so-called 
synergistic effect can be achieved in case of CFRP’s when the other, mechanically different material is added into the 
structure. For example, the addition of rubber or cork layers significantly increases the dynamic properties of final part. 
Such hybrid structures have been already studied since 1950’. Ross, Kerwin and Ungar first proposed the analytical 
approach for predicting the dynamic response of three-ply passive damped beam [1]. This fundamental work was followed 
and extended by many others [2-4]. However, the analytical approach is not suitable for all problems and geometries and 
usually leads to solving of higher order linear homogeneous differential equations. The finite element method (FEM) 
supported by sufficient computational performance refined the estimation of dynamic properties of hybrid structures.  
A novel approach allows further damping enhancement by incorporating smart materials for active damping or for structural 
health monitoring purposes. [5] 
2. Problem formulation 
The high static and dynamic stiffness and enhanced damping are crucial parameters for many machine tool components. 
Long and thin parts, such as boring bars or spindle heads, are characterized by dominant flexural mode shapes. The 
adequate stiffness and the enhanced damping of these parts would improve the accuracy of the machining process and the 
roughness of the machined surface. This paper deals with theoretical determination of the best lay-up for a beam-like hybrid 
structure fabricated of CFRP and cork composition with the help of FEM software and the optimization cycle. 
2.1. Theoretical background 
The equation of motion of a damped system with multiple degrees of freedom may be expressed [6]: 
( )tfKqqCqM =++  . (1) 
In case of free oscillations, the displacement of the underdamped ( )1<<0 ζ  discrete linear system with a single degree of 
freedom can be consequently derived from solution of  Eq.(1): 
( ) ( )ϕωζω += − tCetq t sin0 , (2) 
where natural damped frequency ω can be achieved from  natural undamped frequency 0ω  and damping ratio ζ : 
2
0 1 ζωω −= . (3) 
For numerical simulations, the equivalent of Rayleigh damping was considered. Then, the damping matrix C is given by: 
KMC βα += . (4) 
After orthogonal transformation and simplification of Eq.(4) it can be inferred that: 
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where iζ and iω is the ith modal damping ratio and natural damped frequency, respectively. 
For determination of Rayleigh damping coefficients, following assumptions are used to be made. In many cases, the 
α coefficient which represents friction damping may be ignored. The β constant related to material structural damping can 
be evaluated from known values of iζ  and iω . For a chosen dominant frequency in the current loadstep, it can be  
written [7]: 
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Table 3. Compositions of selected Pareto front designs and reference full composite design. 
Design ʋ D1 D2 D3 D4 D5 D6 D7 D8 D9 D10 D11 D12 D13 DX 
Layer ʋ fibre orientation [°] 
1 ±45 ±45 ±45 ±45 ±45 ±45 ±45 ±45 ±45 ±45 ±45 ±45 ±45 ±45 
2 ACM ACM ±35 ACM ±15 0 ACM ±15 0 ACM 0 ACM ±35 0 
3 0 ±15 ACM 0 ACM ACM 0 ACM ACM 0 ACM 0 ±15 0 
4 ACM ACM 0 ACM 0 0 0 0 0 0 0 ACM ACM 0 
5 0 0 0 0 0 0 0 0 0 ACM ACM 0 0 0 
6 0 0 0 ACM 0 0 ACM ACM ACM 0 0 0 0 0 
7 ACM ACM ACM 0 ACM ACM 0 0 0 0 0 0 0 0 
8 ±45 ±45 ±45 ±45 ±45 ±45 ±45 ±45 ±45 ±45 ±45 ±45 ±45 ±45 
310 −⋅ζ [-] 19.9 17.1 16.1 15.7 13.6 12.8 11.8 10.2 10.2 8.6 6.1 5.3 3.7 3 
f [Hz] 135.8 135.8 137.1 145.8 150.5 154.9 157.7 158.1 162.0 164.2 168.6 169.8 164.3 193.6 
sc [N.mm-1] 741.4 738.3 796.8 865.5 973.4 1033.0 1078.3 1088.7 1149.6 1167.0 1228.5 1227.8 1241.7 1825.7 
3.2. Experimental validation 
The methodology of β damping coefficients determination was experimentally validated on two physical test samples. 
The impact hammer modal testing method was used for determination of the natural frequency and related damping ratio, 
with the focus on flexural wave-shape. The harmonic response ( q vector) was investigated using Brüel&Kjaær 4506 B 
accelerometer and 8202 impact hammer. The geometry of samples and their component’s mechanical properties correspond 
to those being considered within FEA (Fig. 1, Table 1, Table 2). The laminate lay-up of the samples is listed in Table 4. 
Fibre volume ratios of CFRP layers were 0.55 (sample A) and 0.56 (sample B), respectively. The test samples were hung on 
a flexible rope (Fig. 5), which sufficiently imitates the unconstrained free oscillation conditions. The obtained experimental 
results are summarized (Table 5) and compared to numerical computations. 
Table 4. Composition of test samples. 
Sample A Sample B Layer 
ʋ Fibre orientation 
[deg] 
Thickness 
[mm] 
Fibre orientation 
[deg] 
Thickness 
[mm] 
1 ±24.60 0.567 ±12.90 0.692 
2 ACM 87 1.020 ACM 87 1.000 
3 ±13.25 0.550 0.00 1.271 
4 ±13.37 0.545 ±13.55 0.660 
5 0.00 1.369 0.00 1.324 
6 ±13.79 0.529 ACM 87 1.005 
7 ±13.91 0.524 ±14.21 0.630 
8 ACM 87 1.020   
9 26.92 0.652   
     
Table 5. Experimental and numerical results. 
Damped natural frequency of 
1st flexural wave-shape [Hz] 
Damping ratio Test sample 
Experiment FEM Experiment FEM 
Sample A 158.7 154.4 4.3 x10–3 4.6 x10–3 
Sample B 173.9 167.8 3.7 x10–3 6.2 x10–3
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